Abstract: In this note we present a high-gain observer for nonlinear uniformly observable SISO systems for which the high-gain parameter is determined adaptively on-line. The adaptation scheme is simple and universal in the sense that it is independent of the system the observer is designed for. Unlike in an earlier approach, the gain is adapted continuously in the present paper. This further simplifies the adaptation law and also leads to lower values of the high-gain parameter. We prove that the observer output error becomes smaller than a User specified bound for large times and that the adaptation converges.
INTRODUCTION
For nonlinear systems that are uniformly observable for any U ( . ) (i.e. the states of the system can be determined from the output of the system and its derivatives, independently of the input) (Gauthier and Bornard, 1981) , a high-gain observer has been suggested in (Tornarnbk, 1992) . One of the advantages of this observer are its excellent robustness properties (Tornambk, 1992) . By choosing the observer gain k large enough (therefore the name "high-gain") the observer error can be made arbitrarily small. The difficulty in practical applications is, however, the determination of an appropriate value for the observer gain. For values too low, the desired bounds on the observer error cannot be achieved. For values unnecessarily high, the sensitivity to noise increases, thus limiting the practical use.
In this paper we propose an adaptation scheme for the observer gain of the high-gain observer Supported by a British Council/Schweizerischer Nationalfond grant.
in (Tornambk, 1992) such that its advantages are retained and the observer gain is adjusted automatically until the observer output error becomes smaller than a desired target value.
The note is organized as follows: In Section 2 we recall the main result on the non-adaptive highgain observer in (Tornambk, 1992) . In Section 3 we present the adaptation scheme and prove (i) convergence of the observer output error towards an arbitrary small but prespecified X-ball around Zero, (ii) the boundedness of the observer error, and (iii) convergence of the adaptation scheme. Finally in Section 4 the usefulness of the proposed adaptive observer is illustrated by applying it to a simple example of a bioreactor in simulation.
HIGH-GAIN OBSERVER
The theory of non-adaptive high-gain observers as in (Tornarnbk, 1992) assumes that the system is given in observability normal form (Zeitz, 1989) , also called the generalized controller canonical form (Fliess, 1990) . In principle, every uniformly observable, suffienciently smooth SISO-system with input u and output y can be transformed into this normal form: x1
and q5 : W X Rn -+ R denotes some continuous function.
If the coeficients pl, . . . , p, E R are such that sn + CLl pjsn-j is a Hurwitz polynomial with distinct roots, then for every d > 0 and every time > 0 there exists a finite observer gain k = k(d, t) such that for all constant k 2 k the observer error satisfies:
This means that the observer error e can be made arbitrarily small in an arbitrarily short time by an appropriate choice (i.e. large enough) of the observer gain k.
A possibility to estimate the states of such systems
In the Laplace domain, the relationship between
(1) is the high-gain observer (Tornambk, 1992 ). w(s) = L{xn(t)), an additive output noise u(s)
The structure of the high-gain observer is a sim-(see Fig. I Figure 1) .
where, for simplicity, pi = (7) for Ic = 1 , . . . , n.
From (3) it is obvious that the larger the obServer gain Ic is chosen, the smaller the influence W and thus of the nonlinearity q5 (and therefore of U ) on the observer output error. For a large observer gain, the observer is thus very robust, provided the dimension of the state-space is known (Tornambk, 1992) . However, for large values of k the additive output noise is damped in the observer output error, and therefore undamped in the observer output and thus the observer is potemtially sensitive to noise.
ADAPTIVE HIGH-GAIN OBSERVER
To overcome the difficulty of having to choose the observer gain k, we propose the following simple adaptation law for k, where el (t) = y(t) -y(t):
with In contrast to the classical Luenberger observer (Luenberger, 1966) , the high-gain observer does not consist of a replica of the system (1) plus correction terms as the nonlinearity +(X, U) is not modelled. The observer error will be denoted by
The following theorem is proven in (Tornambk, 1992) . Theorem 1. (High-Gain Observer). Assume that A l ) the system (1) exhibits no finite escape time und A2) the nonlinearity + in (1) is unafomly bounded, i.e. there exists some p > 0 such that II4(x, u)lI 5 p for all X, U E P.
where X > X > 0, y > 0, are preassigned design parameters.
The idea behind this adaptation law is that the observer gain k(t) is monotonically increasing (with a bounded derivative) as long as ly(t) -y(t)l lies outside the X-strip [0, X] and k(t) stops increasing as soon as J y (t) -y (t) ( enters the X-strip.
The concept of introducing a dead-zone in the gain adaptation as in (4) and (5) is due to (Ilchmann and Ryan, 1994) where it was used for tracking.
In (Bullinger and Allgöwer, 1997) , an adaptation law with amplitude discrete observer parameter was used instead of a continuous one. The advantage of the present continuous case is that there is no step size which has to increase quite rapidly (see also the comments in Section 4) and that the adaptation law is simpler.
We now prove that the high-gain observer (2) with a time-varying observer gain k determined by adaptation law (4), (5) guarantees convergence of the adaptation and boundedness of the observer error.
Theorem 2. Suppose that for any suficiently smooth U ( . ) the function $ ( x , u ) in ( 1 ) ( 2 ) , (4), (5) where every solution exists on the whole of [O, CO) and
Theorem 2 states that the observer Parameter k ( t ) converges t o a finite value while the observer Since sn + CLl p j~n -j is a Hurwitz polynomial, A is a Hurwitz matrix, and hence there exists a symmetric, positive definite matrix P E RnXn such that
which is symmetric and non-singular for every k ( t ) , and hence:
where, as in the following, the argument t is omitted.
Differentiating the Lyapunov function candidate
Output errOr e l ( t ) approaches the X-strip '1 along the trajectory of (3) yields, for all t E [0, U ) , asymptotically.
where 
boundedness of e (see e.g. Corollary 6.1 in (Khalil, 1996) ).
Choosing V(t,e(t)) 5 e l l P l~ V(t3, e(t3)) In Theorem 2 we were mainly interested in the 411P112~2 (13) observer output error approaching the X-strip.
This is the essential property needed for many observer-based control schemes, as for example with IlPll as in (7).
Proof of b)
We show that e(.) E L,. Recall Sketch of the proof for T h e o r e m 3: We use that Ä was chosen to be Hurwitz and hence in the same notation as in the proof of Theorem 2.
Since k(.) is monotone and converges, for arbitrary small but fixed 6 E (0,l) there exists some
for a l l t 25.
For arbitrary p > 0 (9) yields, for all t 2 F, and therefore $~( t , e(t)) < 0 for t 2 f, if
The latter is satisfied for t 2 E, if
Thus.
Using that p > 0 is arbitrary, (14) follows. U
Remark 4. The idea of the proof of Theorem 2
Part a ) ' can be used to generalize the results in (Tornambk, 1992) to the case of non distinct roots. Furthermore, the Same arguments as above can be used to show that no finite escape time can occur in the non-adaptive high-gain case either, and thus Assumption (Al) in Thm. 1 (Tornambk, 1992) can be removed.
The proposed adaptive high-gain observer is easy to implement (as only the state-space dimension of the system has to be known) and retains the advantages of the non-adaptive high-gain observer. Robustness is improved by the adaptation law as it enables the user to start with a small observer gain that is increased only as needed. In a nonadaptive scheme the observer gain is usually choSen in a conservative way, which causes the highgain observer to be less performant in the presence of output measurement noise than the adaptive high-gain observer.
EXAMPLE
To demonstrate the adaptive high-gain observer, the proposed method is applied to the following generic bioreactor as given in (Bastin and Dochain, 1990 ) with parameters as in (Gauthier et al., 1992) : where m and s denote the concentrations of the microorganism and the substrate respectively, U is the substrate inflow rate which is considered as input. All state variables are strictly positive and the parameters are a l = az = as = 1, a4 = 0.1, m(0) = 0.075, s(0) = 0.03.
The system (15) can easily be transformed into the observability normal form by defining the new state variables X I , 2 2 as:
In (Gauthier et al., 1992) it has been shown that assumptions Al) and A2) are satisfied for U E (0, ai). For the observer, the following values are used: X = 0.02, X = 0.5, y = 100, pl = 1, pa = 0.2, ko = 0.1. The following substrate input flow profile is used for the simulations:
y is the plant output without, yn with noise, yo is the observer output, so is the estimated value for S, calculated via @-'(xOl, X", U , U), where X", X" are the states of the observer.
For the simulation (Figure 2 ) band-limited gaussian white noise with a rather high power spectral density of 0.25.10-~ and a sampling time of 0.01 h is used. In Figure 2 .a the bioreactor output y (the concentration of the microorganism) and its estimate yo can be Seen. After the transient phase due to different initial conditions in system and observer, the observer output follows very well the plant output, even though the noise level is quite high and the fact that there are changes in U . Exept in the first few hours, the output error y -yo stays within the X-strip. In Figure 2 .b the concentration of the substrate s and its observer estimate so are shown. Also here the observer error is rather small while the discontinuities in so are due to the fact that so is a function of the substrate input flow U . Figure 2 .c shows that Ic increases rapidly (because of the large value y)
and then stays constant at a value that is not "high" as the name of the observer implies.
Note that the observer gain with the amplitude continuous adaptation is about a factor two lower than with the amplitude discrete adaptation as in (Bullinger and Allgöwer, 1997) , where the final value for the observer gain was about 0.55 with the Same setup, only the adaptation law being different.
CONCLUSIONS
In this paper we introduce an adaptive extension to the high-gain observer originally proposed in (Nicosia and Tornambk, 1989 926. Gauthier, J.P., H. Hammouri and S. Othman adaptation law that is universal in the sense that it is independent of the system to be observed. Thus, this adaptation fits nicely into the concept of high-gain observation. We have proved that with the adaptive high-gain observer the observer output error becomes smaller than an arbitrary user-specified bound for large times and that the 
